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Inspired by the recent observation of a narrow resonance-like structure around
2360 MeV in the pn→ dpi0pi0 cross section, the possibility of forming a NN∗(1440)
quasi-molecular state is investigated by using a meson exchange model in which the pi,
σ, ρ and ω exchanges in t- and u-channels are considered. By adopting the coupling
constants extracted from the relevant NN scattering and N∗(1440) decay data, it
is found that a deuteron-like quasi-molecular state of NN∗(1440) with a binding
energy in the range of 2 ∼ 67MeV can be formed. Therefore, it is speculated that
the observed structure around 2360 MeV might be or may have a large component
of the NN∗(1440) quasi-molecular state.
PACS numbers: 13.75.-n, 13.75.Cs, 14.20.Gk
I. INTRODUCTION
The ABC effect, which shows an unexpected peak in the invariant ππ-mass spectrum of
the double pionic D-p fusion to 3He process, was observed by Abashian, Booth and Crowe
long ago[1]. Later on, in the hadronic experiment, such a phenomenon was also observed in
the other processes, for instance n + p → D(ππ) [2, 3] and D + D → 4He(ππ) [4, 5]. The
2π-production mechanism used to be attributed to the effect of the double ∆ excitation.
But it was found that the obtained enhancement in the low ππ mass region in the exclusive
π0π0 channel is much smaller than the data value [6, 7], which implies that some important
2physics is missing in such a mechanism. Thus, a sequential mechanism was proposed to
explain the deuteron spectrum of the n + p → D(ππ) process, namely the nucleon can
firstly be excited into Roper resonance N∗(1440), and then the resonance decays into Nππ
and ∆π subsequently [8].
On the other hand, the deuteron is a unique B=2 state which has been confirmed in the
experiment at this moment, where B stands for the baryon number. Actually, after three
decades of experimental efforts, we have never found any decisive sign for the existence of a
B=2 state other than the deuteron. Recently, the CELSIUS-WASA Collaboration observed
a narrow resonance-like structure around 2360 MeV in the data set of the pn → dπ0π0
total cross section [9]. Since such an energy is fairly close to the NN∗(1440) threshold,
and N∗(1440) has the same quantum numbers as the Nσ system and would couple to Nσ
strongly, this phenomenon awakens our interest in exploring the possible existence of a
NN∗(1440) quasi-molecular state, which is an analogue of the deuteron.
In order to carry out such a study, the hadron-hadron interaction should be known
before hand. The hadron-hadron interaction used to be studied in the hadron degrees of
freedom. Since the QCD theory emerged in the 1970s, such an interaction has further been
investigated in the quark degrees of freedom, where the hadron-hadron system is considered
as a multi-quark cluster system. One of the models in this category, which can basically
explain the experiment data, is called constituent quark model (CQM). In this model, the
quark-quark interaction can be described by the one-gluon-exchange (OGE) potential in the
short-range, the scalar- and pseudoscalar-meson-exchange potentials in the medium-range
interaction, and the phenomenological confinement potential in the long-range.
However, because of the property of the non-Abelian group, the non-perturbative effect of
QCD still cannot be taken into account accurately up to now. For simplicity and efficiency,
the method in the framework of the hadron degrees of freedom is still widely used in the
hadron physics investigation. In this framework, the hadron is assumed as a point-like
particle, and the hadron-hadron interaction is supposed to be originated from exchanges
of various mesons whose masses and coupling forms with various hadrons are different. A
typical theoretical model is the Bonn meson-exchange model which has intensively been
studied over years. By employing this model, a large amount of nucleon-nucleon interaction
data, such as the deuteron property, scattering phase shifts and reaction cross sections,
can be well described [10]. This model has also been adopted to study the baryon-baryon
3interaction in the coupled channel approach, although the result was not accurate enough due
to too much approximation [11]. Recently, a simplified one-pion-exchange model was used
to study systematically the deuteron-like meson-meson bound state, called deuson, some
possible S-wave molecular-like states in the meson-meson interaction were predicted [12, 13].
The interaction of Λ(1405) with a nucleon was studied from the viewpoint of chiral dynamics
and a possible quasi-bound state was found [14].
In this paper, the Bonn meson-exchange model is extended to the NN∗(1440) system
so that the binding property of the system can be studied. The paper is organized in
the following way: The derivation of the non-relativistic N -N∗(1440)potential is briefly
introduced in section II, and the model parameters are extracted from the available data
in section III. In section IV, the numerical result and discussion are given. Finally, the
summary is presented in section V.
II. BRIEF FORMULISM
The basic Feynman diagrams of the N -N∗(1440) interaction are shown in Fig.1. In the
FIG. 1: The t-channel (left) and u-channel (right) Feynman diagrams of the N -N∗(1440) inter-
action.
Bonn meson-exchange model, there are six mesons ( π, σ, ρ, ω, δ and η) to be considered.
Recently, by fitting the experimental data, one showed that only four of them, namely π, σ,
ρ, and ω, have relatively large coupling with NN∗(1440) [15]. Clearly, the π- and σ-meson
exchanges would be responsible the the long-range (r>2 fm) and the intermediate-range(1
fm6r62 fm) interactions, respectively, and the ρ- and ω-meson exchanges would provide
the core-range(r61 fm) interaction.
4The effective Lagrangians of the meson-N -N∗(1440) interaction for various mesons read
LpiNN∗ =−igpiNN∗ u¯Nγ5uN∗~τ · ~π + h.c., (1)
LσNN∗ = gσNN∗ u¯NuN∗σ + h.c., (2)
LρNN∗ =−gρNN∗ u¯NγµuN∗~τ · ~ρµ− fρNN
∗
2mN∗+2mN
u¯Nσ
µνuN∗~τ · (∂µ~ρν − ∂ν~ρµ) + h.c., (3)
LωNN∗ =−gωNN∗ u¯NγµuN∗ωµ− fωNN
∗
2mN∗+2mN
u¯Nσ
µνuN∗(∂µων − ∂νωµ) + h.c., (4)
The forms of the effective Lagrangians of the meson-N -N or meson-N∗-N∗ interaction are
the same as those of the meson-N -N∗(1440) interaction, except the spinor.
Now, we consider a NN∗(1440) system whose quantum numbers are the same as those
of the deuteron, namely I = 0, JP = 1+. Since N∗ is also an isospin doublet, one can write
the |NN∗〉 or |N∗N〉 state as
|NN∗〉 = −
√
2
2
|np∗〉+
√
2
2
|pn∗〉, (5)
|N∗N〉 = −
√
2
2
|n∗p〉+
√
2
2
|p∗n〉, (6)
and its overlap as
〈NN∗|NN∗〉 = 1
2
〈np∗|np∗〉+ 1
2
〈pn∗|pn∗〉 − 1
2
〈pn∗|np∗〉 − 1
2
〈np∗|pn∗〉,
〈NN∗|N∗N〉 = 1
2
〈np∗|n∗p〉 − 1
2
〈np∗|p∗n〉 − 1
2
〈pn∗|n∗p〉+ 1
2
〈pn∗|p∗n〉,
〈N∗N |N∗N〉 = 1
2
〈n∗p|n∗p〉+ 1
2
〈p∗n|p∗n〉 − 1
2
〈p∗n|n∗p〉 − 1
2
〈n∗p|p∗n〉,
〈N∗N |NN∗〉 = 1
2
〈n∗p|np∗〉 − 1
2
〈n∗p|pn∗〉 − 1
2
〈p∗n|np∗〉+ 1
2
〈p∗n|pn∗〉. (7)
Consequently, one can further write the wave function of the NN∗(1440) system as
|Ψ〉 = 1√
2
( |NN∗〉+ |N∗N〉 ), (8)
and the normalization as
〈Ψ|Ψ〉 = 1
2
[ 〈NN∗|NN∗〉+ 〈NN∗|N∗N〉 + 〈N∗N |N∗N〉+ 〈N∗N |NN∗〉 ]. (9)
Apparently, each term in the above equation contains four non-equivalent Feynman dia-
grams. All together, Eq.(9) contains eight non-equivalent Feynman diagrams, as shown
in Fig.2. Among them, the first four are u-channel diagrams and the rest are t-channel
diagrams.
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FIG. 2: 8 non-equivalence Feynman diagrams in 〈Ψ|Ψ〉.
Next, we derive the N -N∗ potential for the above mentioned diagrams according to the
quantum scattering theory. The relativistic S-matrix for a scattering process reads
〈f |S|i〉 = δfi + (2π)4δ4(pf − pi)iMfi, (10)
where Mfi denotes the scattering amplitude from the i state to the f state, or the Lorentz-
invariant matrix element between the i state and the f state. On the other hand, by applying
Bonn approximation on the Lippmann-Schwinger equation, the S-matrix reads
〈f |S|i〉 = δfi − 2πδ(Ef − Ei)iVfi (11)
with Vfi being the interaction potential. Considering the different normalization conventions
used for the scattering amplitude Mfi and for the T -matrix Tfi, and consequently Vfi, we
have
Vfi = − Mfi√∏
f
Pf
0
mf
∏
i
Pi
0
mi
≈ −Mfi, (12)
6where Pf(i) denotes the four momentum of the final (initial) state.
Let us use, in the center mass system, P1(E1, ~p) and P2(E2,−~p) to represent the four
momenta of the initial particles, P3(E3, ~p′) and P4(E4,−~p′) to denote the four momenta of
the final particles, respectively. And then,
q = P3 − P1 = (E3 − E1, ~p′ − ~p) = (E2 − E4, ~q) (13)
should be the transferred four momentum or the four momentum of the meson propagator.
For convenience, we always use
~q = ~p′ − ~p (14)
and
~k =
1
2
(~p′ + ~p) (15)
instead of ~p′ and ~p in the practical calculation.
In terms of the Feynman rules, the Dirac spinor
u(~q, s) =
√
E +M
2M
 1
~σ · ~q/(E +M)
 ξs, (16)
u¯(~q, s) = ξ
†
s
√
E +M
2M
(
1 −~σ · ~q/(E +M)
)
(17)
and the nonrealistic reduction
E
m
≈ 1 + ~p
2
2m2
, (18)
the scattering amplitude caused by the π-meson exchange can be written as
iMpi = 3gpiNNgpiN∗N∗
1
4m1m2
( ~σ1 · ~q)( ~σ2 · ~q)
~q2 +m2pi
+ 3g2piN∗N∗
(m1 +m2)
2
8m21m
2
2
( ~σ1 · ~q)( ~σ2 · ~q)
~q2 −M2pi
, (19)
and the scattering amplitude induced by the σ-meson exchange can be expressed by
iMσ = −gσNN∗gσN∗N∗ 1
~q2 +m2σ
[1− (m1 +m2)
2
4m21m
2
2
~k2 +
(m1 +m2)
2
16m21m
2
2
~q2 − (m1 +m2)
2
4m21m
2
2
i~S · (~q × ~k)]
−g2σNN∗(1440)
1
~q2 +M2σ
[1− 1
2m1m2
~k2 +
1
8m1m2
~q2 − 1
2m1m2
i~S · (~q × ~k)]. (20)
The scattering amplitudes arisen from the ω- and ρ-meson exchanges can be derived in the
same way. Their forms are quite similar to those of the π- and σ-meson exchanges. To
reduce the length of the paper, they will not be presented here. It should be mentioned
7that because of the mass difference between N and N∗, there would be a so-called ”effective
mass” Mpi,σ,ρ,ω in the amplitude formula
M2pi = (mN∗(1440) −mN )2 −m2pi, (21)
M2σ,ρ,ω = m
2
σ,ρ,ω − (mN∗(1440) −mN )2. (22)
Moreover, in the derivation, the term with symmetric combination ( ~σ1 + ~σ2) which leads to
a spin-orbital term ~S · (~q × ~k) is remained, while the term with asymmetric combination
( ~σ1 − ~σ2) is dropped. Substituting Mfi into Eq.(12), a meson-exchange potential in the
momentum space, V (~q,~k), can be obtained.
Further making Fourier-transformation, the N -N∗(1440) potential in the coordinate
space, VM(r), can be derived. It should be pointed out that because the mass of the π-
meson is relatively small, the Fourier transformation of the π-meson-exchange potential
would be a complex function, which implies that the off-shell effect of the exchanged pion
would induce other reaction channels. Since what we are interested in is the elastic scatter-
ing, as an approximation, the imaginary part of the potential can temporarily be dropped,
which is consistent with the treatment in Ref.[12]. For instance,
F{( ~σ1 · ~q)( ~σ2 · ~q)
~p2 −M2 }
∼= −M
3
[ − ~σ1 · ~σ2M2 cos(Mr)
Mr
− S12M2Z ′(Mr) ] (23)
with
Z ′(Mr) =
cos(Mr)
Mr
− 3
Mr
sin(Mr)
Mr
− 3
(Mr)2
cos(Mr)
Mr
. (24)
Considering the finite size effect ofN (N∗), similar to the derivation of the Bonn potential,
a form factor
F (q) =
Λ2 −m2
Λ2 − q2 = (
Λ2 −m2
Λ˜2 + ~q2
) (25)
with Λ being the cutoff parameter and
Λ˜2 = Λ2 +M2 −m2 (26)
is adopted to suppress the high momentum contribution in the relatively lower energy scat-
tering. Then the ultraviolet divergence in the Fourier transformation can be eliminated, and
the potential in the coordinate space at small r is remained finite. Finally, the potential of
the N -N∗(1440) interaction can be written as
V (r) = Vpi + Vσ + Vρ + Vω = VC + VLS + VT , (27)
8where VC , VLS and VT denote the total central, spin-orbital and tensor potentials,
Vpi(r) =
gpiNNgpiN∗N∗
4π
3
4m1m2
[ ( ~σ1 · ~σ2)F3t1 + S12F3t2 ]
+
g2piNN∗(1440)
4π
3(m1 +m2)
2
16m21m
2
2
[ ( ~σ1 · ~σ2)F6u1 + S12F6u2 ], (28)
Vσ(r) =
gσNNgσN∗N∗
4π
[ − F1t + m
2
1 +m
2
2
4m21m
2
2
F4t − m
2
1 +m
2
2
16m21m
2
2
F2t + m
2
1 +m
2
2
4m21m
2
2
~S · ~LF5t0 ]
+
g2σNN∗
4π
[ − F1u + 1
2m1m2
F4u − 1
8m1m2
F2u + 1
2m1m2
~S · ~LF5u0 ], (29)
Vρ(r) =
gρNNgρN∗N∗
4π
[ − 3F1t − 3m
2
1 + 3m
2
2 + 12m1m2
4m21m
2
2
F4t + 3m
2
1 + 3m
2
2
16m21m
2
2
F2t
−3m
2
1 + 3m
2
2 + 12m1m2
4m21m
2
2
~S · ~LF5t0 + 3 ~σ1 · ~σ2
2m1m2
(F2t −F3t1)− 3
2m1m2
S12F3t2 ]
+
fρNN∗
2m1 + 2m2
gρNN∗
4π
[
3
m1
F2t − 6(m1 +m2)
m1m2
~S · ~LF5t0 + 3 ~σ1 · ~σ2
m2
(F2t − F3t1)− 3S12
m2
F3t2 ]
+
fρN∗N∗
2m1 + 2m2
gρNN
4π
[
3
m2
F2t − 6(m1 +m2)
m1m2
~S · ~LF5t0 + 3 ~σ1 · ~σ2
m1
(F2t − F3t1)− 3S12
m1
F3t2 ]
+
fρN∗N∗
(2m1 + 2m2)2
fρNN
4π
[ 12 ~σ1 · ~σ2(F2t − F3t1)− 12S12F3t2 ]
g2ρN∗N
4π
[ − 3F1u − 3m
2
1 + 3m
2
2 + 12m1m2
4m21m
2
2
F4u + 3m
2
1 + 3m
2
2
16m21m
2
2
F2u
−3m
2
1 + 3m
2
2 + 3m1m2
2m21m
2
2
~S · ~LF5u0 − 3(m1 −m2)
2
4m21m
2
2
~σ1 · ~σ2F4u
+
3(m1 +m2)
2
16m21m
2
2
~σ1 · ~σ2(F2u − F3u1)− 3(m1 +m2)
2
16m21m
2
2
S12F3u2 ]
g2ρN∗N
4π
(m1 −m2)2
m2ρ
[ 3F1u − 3
2m1m2
F4u + 3
8m1m2
F2u − 3
2m1m2
~S · ~LF5u0 ]
+
fρNN∗
2m1 + 2m2
gρNN∗
4π
[ − 3(m1 −m2)
2(m1 +m2)
m21m
2
2
F4u + 3(m1 +m2)
3
4m21m
2
2
F2u
−6(m1 +m2)(m
2
1 +m
2
2)
m21m
2
2
~S · ~LF5u0 − 3(m1 +m2)(m1 −m2)
2
m21m
2
2
~σ1 · ~σ2F4u
+
3(m1 +m2)
3
4m21m
2
2
~σ1 · ~σ2(F2u − F3u1)− 3(m1 +m2)
3
4m21m
2
2
S12F3u2 ]
+
f 2ρN∗N
4π(2m1 + 2m2)2
[ − 3(m1 −m2)
4
m21m
2
2
F4u + 3(m1 +m2)
2(m1 −m2)2
4m21m
2
2
F2u
−6(m1 +m2)
2(m1 −m2)2
m21m
2
2
~S · ~LF5u0 − 3(m1 +m2)
2(m1 −m2)2
m21m
2
2
~σ1 · ~σ2F4u
+
3(m1 +m2)
4
4m21m
2
2
~σ1 · ~σ2(F2u − F3u1)− 3(m1 +m2)
4
4m21m
2
2
S12F3u2 ] (30)
9and
Vω(r) = −1
3
Vρ(r)( mρ → mω, fρNN∗ → fωNN∗ , fρN∗N∗ → fωN∗N∗ , fρNN → fωNN ,
gρNN∗ → gωNN∗ , gρN∗N∗ → gωN∗N∗ , gρNN → gωNN) (31)
represent the potentials induced by the π-, σ-, ρ- and ω-meson exchanges, respectively. The
explicit forms of Fαt, Fαu, Fαtβ and Fαuβ are shown in the Appendix.
As to the cutoff parameters Λα (i.e. Λ in Eqs.(25,26)), it is reasonable to take the
values used in the Bonn N -N potential temporarily at the very beginning (Λpi = 1.3GeV ,
Λσ = 1.1GeV , Λρ = 1.3GeV and Λω = 1.5GeV , which is called Set AΛ) [10], because
N∗(1440) is an excited state of N and NN∗(1440) has the same quantum numbers as the
deuteron. However, comparing with N , N∗(1440) has one p-wave excitation, we should
check the rationality of this adoption, re-adjust Λαs to some reasonable values (we will call
it as Set BΛ) and use them in the later calculation.
III. COUPLING CONSTANTS
Before realistic calculation, 18 coupling constants should be fixed, among them gpiNN ,
gσNN , gρNN , gωNN , fρNN and fωNN for meson-N -N couplings, gpiNN∗(1440), gσNN∗(1440),
gρNN∗(1440), gωNN∗(1440), fρNN∗(1440) and fωNN∗(1440) for meson-N -N
∗(1440) couplings and
gpiN∗N∗ , gσN∗N∗ , gρN∗N∗ , gωN∗N∗ , fρN∗N∗ and fωN∗N∗ for meson-N
∗(1440)-N∗(1440) cou-
plings, respectively.
The first 6 coupling constants, gpiNN , gσNN , gρNN , gωNN , fρNN and fωNN , can be taken
from the Bonn potential [10], because the δ- and η-meson exchanges do not contribute due
to their strange constituents.
The coupling constants for the meson-N -N∗(1440) interaction can phenomenologically
be extracted from the relevant data fitting. More specifically, gpiNN∗(1440) can be obtained
by fitting the partial decay width of N∗(1440) to Nπ, namely the total width ΓN∗(1440) of
200 ∼ 450(≈ 300)MeV times the branching ratio BR(N∗(1440)→ Nπ) of 0.55 ∼ 0.75 [16].
The corresponding Feynman diagram is shown in the left diagram in Fig.3. Based on this
diagram, the coupling constant can be derived as
g2piNN∗(1440)
4π
=
4m3N∗ΓN∗→Npi
3[(mN∗ +mN )2 −m2pi]1/2[(mN∗ −mN)2 −m2pi]3/2
, (32)
10
FIG. 3: Feynman diagrams for the N∗(1440) → Npi (left) and N∗(1440)→ Nσ → Npipi (right).
with ΓN∗→Npi = ΓN∗(1440)×BR(N∗(1440)→ Nπ) being the partial decay width. Substituting
the ΓN∗→Npi data into Eq.(32), the value of gpiNN∗(1440) can be extracted. They are tabulated
in Table I.
TABLE I: gαNN∗(1440), fαNN∗(1440) and Λα with α = pi(138MeV ), σ(550MeV ), ρ(775MeV ) and
ω(782MeV ) in Set AΛ.
Coupling mode of ρ Coupling constant
α
pi σ ρ ω
V+T
g2αNN∗(1440)/4pi 2.9087 5.1200 0.3685 1.3890
f2αNN∗(1440)/4pi — — 2.8288 —
V
g2αNN∗(1440)/4pi 2.9087 5.1200 1.1374 1.3890
f2αNN∗(1440)/4pi — — — —
T
g2αNN∗(1440)/4pi 2.9087 5.1200 — 1.3890
f2αNN∗(1440)/4pi — — 1.1374 —
V+T
g2αNN/4pi 14.900 7.7823 0.9500 20.000
f2αNN/4pi — — 35.350 —
Λα (GeV) 1.3000 1.1000 1.3000 1.5000
In the same way, gσNN∗(1440) can be extracted by fitting the branching ratio
BR(N∗(1440)→ Nσ → Nππ) of 0.11 ∼ 0.13 [16]. The corresponding Feynman diagram is
shown in the right diagram in Fig.3. Based on this diagram, the coupling constant can be
written as
g2σNN∗(1440)
4π
=
ΓN∗→Npipi
g2σpipi
8π4mN∗
E (33)
11
with factor E being
E =
∫
Λ2 −m2σ
Λ2 − (p3 + p4)2
(p3 · p4)2(p · p1 +mN∗mN)
((p3 + p4)2 −m2σ)2 +m2σΓ2σ
d3 ~p1d
3 ~p3d
3 ~p4
8p01p
0
3p
0
4
δ4(p− p1 − p3 − p4). (34)
Extracting the value of the coupling constant for the ρ-meson is somewhat complicated.
There are two types of coupling modes in the ρ-N -N∗ interaction, thus two coupling con-
stants, the vector type coupling constant gρNN∗(1440) and the tensor type coupling constant
fρNN∗(1440), should be fixed. To do so, we need two experimental values. Here, we choose
the partial widths of the N∗(1440) → Nρ → Nππ and N∗(1440) → Nγ (Iγ = 1) decays.
The former width can be obtained by multiplying the total width ΓN∗(1440) of about 0.3
GeV and the branching ratio BR(N∗(1440)→ Nρ → Nππ) of < 8% [16]. In the practical
calculation, taking BR(N∗(1440) → Nρ → Nππ) = 2% would be reasonable. The later
width can be calculated by the following equation
ΓN∗→Nγ (Iγ=1) =
k2
4π
mN
m∗N
(Apγ1/2 − Anγ1/2)2 (35)
with Apγ1/2 = −0.065 GeV −1/2 and Anγ1/2 = 0.04 GeV −1/2 from the PDG [16], respectively.
The corresponding Feynman diagrams are shown in Fig.4, where the vector-meson-dominant
mechanism is employed in the right diagram. Based on this figure and Feynman rules, we
ρ0
π+
π−
N∗(1440)
N
ρ0 γ
N∗(1440)
N
FIG. 4: Feynman diagrams for the N∗(1440) → Nρ → Npipi (left) and N∗(1440) → pγ (Iγ = 1)
(right).
can write the partial decay widths for these processes as
ΓN∗→Npi+pi− =
∫
δ4(P − P1 − P3 − P4)d
3p1
2P 01
d3p3
2P 03
d3p4
2P 04
mN
(2π)5
(
Λ2 −m2ρ
Λ2 − P 22
)2
1
(P 22 −m2ρ)2
g2ρpipi[(gρNN∗ + fρNN∗)
2c1 + (2
fρNN∗
mN∗+mN
P · (P4 − P3))2c2] (36)
and
ΓN∗→Nγ (Iγ=1) =
g2ργ
4π
(m2N∗ −m2N)(mN∗ −mN )2
2m3N∗
(
Λ2 −m2ρ
Λ2
)2
1
m4ρ
(gρNN∗ + fρNN∗)
2 (37)
12
where the factors ci can be written as
c1 =
2[P · (P4 − P3)][P1 · (P4 − P3)]− (P · P1) · (P4 − P3)2
mN∗mN
+ (P4 − P3)2 (38)
and
c2 =
(P · P1)
mN∗mN
+ 1, (39)
respectively, and the ργ coupling constants gργ is given by [17]
g2ργ =
e2/4π ·m4ρ
f 2ρ/4π
(40)
with f 2ρ/4π = 2.7. Solving coupled Eqs.(36) and (37), we can obtain the values of gρNN∗(1440)
and fρNN∗(1440). We tabulate them in Table I as well.
To get more information about the ρ-N -N∗ coupling, we also arrange for the cases in
which only one ρ-N -N∗ coupling mode, either the vector or the tensor, exists. In these
cases, one value of the partial decay width would be enough to fix either gρNN∗(1440) or
fρNN∗(1440). Then, the corresponding partial width formulas become
ΓN∗→Nγ (Iγ=1) = g
2
ρNN∗
g2ργ
4π
(m2N∗ −m2N)(mN∗ −mN)2
2m3N∗
(
Λ2 −m2ρ
Λ2
)2
1
m4ρ
,
(41)
and
ΓN∗→Nγ (Iγ=1) = (
fρNN∗
2mN∗+2mN
)2
g2ργ
4π
(m2N∗ −m2N )(mN∗ −mN)2
2m3N∗
(
Λ2 −m2ρ
Λ2
)2
1
m4ρ
.
(42)
Substituting the measured partial decay width into the above equations, we obtain the value
of gρNN∗(1440) or fρNN∗(1440). We also list them in Table I.
Finally, we extract the coupling constant of the ω-N -N∗(1440) interaction. As well
known, the ω-N -N interaction has a vector type coupling only. Due to lack of ΓN∗→Nω
data at the present moment, roughly taking a single vector coupling mode for the ω-N -
N∗(1440) interaction would make sense. Thus, we can use the partial decay width of the
N∗(1440)→ Nγ (Iγ = 0) process with Apγ1/2 = −0.065 GeV −1/2 and Anγ1/2 = 0.04GeV −1/2 [16]
to determine gωNN∗(1440). The corresponding Feynman diagram is shown in Fig.5. According
13
γω
N∗(1440)
N
FIG. 5: Feynman diagrams for the N∗(1440) → pγ (Iγ = 0).
to this diagram, we can calculate the partial decay width by using
ΓN∗→Nγ (Iγ=0) =
k2
4π
mN
m∗N
(Apγ1/2 + A
nγ
1/2)
2. (43)
Meanwhile, we can write the partial decay width formula as
ΓN∗→Nγ (Iγ=0) = g
2
ωNN∗
g2ωγ
4π
(m2N∗ −m2N)(mN∗ −mN )2
2m3N∗
(
Λ2 −m2ρ
Λ2
)2
1
m4ω
(44)
with
g2ωγ =
e2/4π ·m4ω
f 2ω/4π
. (45)
In the last equation, we roughly take f 2ω/4π = 9f
2
ρ/4π = 24.3 via SU(3) relation. By fitting
measured partial decay width, we can extract the value of gωNN∗(1440) approximately, and
also tabulate it in Table I.
However, we do not have any experimental data at all to determine the coupling constants
of the meson-N∗-N∗ interaction at the present stage. Therefore, we have to surmise a way
to set the values of gαN∗N∗ , (α = π, σ, ρ, ω) and fβN∗N∗ , (β = ρ, ω). Here, we consider
two cases: Case 1, gαN∗N∗ = gαNN , (α = π, σ, ρ, ω) and fβN∗N∗ = fβNN , (β = ρ, ω); and
Case 2, gαN∗N∗ = gαNN∗ , (α = π, σ, ρ, ω) and fβN∗N∗ = fβNN∗ , (β = ρ, ω). In each case,
we have three coupling modes for the ρ − N − N∗ interaction, namely the vector+tensor
coupling mode(VT), the vector coupling mode only (V) and the tensor coupling mode only
(T).
Based on the uncertainties of the data, both the total width of N∗(1440) and the mea-
sured branching ratios for the above mentioned processes, we further tabulate corresponding
partial widths and, consequently, the extended ranges of the extracted coupling constants
in Table II.
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TABLE II: Uncertainties of partial decay widths in concerned decay processes and corresponding
variational ranges of gαNN∗(1440) and fαNN∗(1440) for pi, σ, ρ and ω with the values of Λα in Set
AΛ.
α pi σ ρ ω
branching ratio
Γpi/Γ Γσ/Γ ΓN∗→Nγ (Iγ=1) ΓN∗→Nγ (Iγ=0)
0.55 ∼ 0.75 0.11 ∼ 0.13 0.074 ∼ 0.13 0.0011 ∼ 0.014
g2αNN∗(1440)/4pi 2.461 ∼ 3.356 4.693 ∼ 5.547 0.8543 ∼ 1.461 0.2689 ∼ 3.380
f2αNN∗(1440)/4pi — — 0.8543 ∼ 1.461 —
To get a comprehensive impression, we plot the upper and lower bounds of the potentials,
caused by the uncertainty of the partial decay width data, in the cases 1V and 2V in Fig.6,
in the cases 1T and 2T in Fig.7, and in the cases 1VT and 2VT in Fig.8, respectively.
The solid and dashed curves denote the upper and lower bounds of the central potential,
while the dotted and dash-dotted curves represent the upper and lower bounds of the tensor
potential. From these curves, one sees that for the central potential, although a strong
repulsion appears in the small r region, an even stronger attractive effect in the medium
and large r regions might bring N and N∗(1440) together to form a bound state. The
tensor potentials in the case 2, no matter with which ρ coupling mode, are stronger than
those in the case 1, thus the D-state might couple to the S-state strongly, which is also
beneficial for forming a bound state like in the deuteron case. Moreover, the strengths of
the potentials in the cases with the T and VT coupling modes are closer but differ with that
in the case with the V coupling mode, which implies that the tensor coupling mode in the
ρ-N -N∗(1440) interaction plays a more important role than the vector mode does. Thus,
the binding properties of the N -N∗(1440) system in the T and VT cases would be closer
and would deviate from those in the V case.
We also plot the upper and lower bounds of the central potentials contributed by various
mesons in the case 1V in Fig. 9. The solid, dashed, dash-dotted and dotted curves denote the
contributions from the π-, σ-, ρ- and ω-mesons, respectively. Clearly, the σ-meson provides a
major attractive force which plays a key role in binding, the ρ-meson gives a weak attraction
in the medium r region and a strong repulsion in the small r region, the contribution from
15
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FIG. 6: N -N∗(1440) potentials in the cases 1V (left) and 2V (right). The solid and dashed curves
denote the upper and lower bounds of the central potential, while the dotted and dash-dotted
curves represent the upper and lower bounds of the tensor potential.
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FIG. 7: N -N∗(1440) potentials in the cases 1T (left) and 2T (right). The solid and dashed curves
denote the upper and lower bounds of the central potential, while the dotted and dash-dotted
curves represent the upper and lower bounds of the tensor potential.
π-meson shows a very weak attractive feature in the long distance and a strong repulsive
character in the short and medium distance, and the ω-meson mainly provides a repulsion.
The corresponding characters in the T and VT cases are similar to these, we would not show
them again.
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FIG. 8: N -N∗(1440) potentials in the cases 1VT (left) and 2VT (right). The solid and dashed
curves denote the upper and lower bounds of the central potential, while the dotted and dash-dotted
curves represent the upper and lower bounds of the tensor potential.
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FIG. 9: The upper and lower bounds of the central potentials contributed by various mesons for
the case 1V. The solid, dashed, dash-dotted and dotted curves denote the contributions from the
pi-, σ-, ρ- and ω-mesons, respectively.
IV. RESULT AND DISCUSSION
Having the N -N∗(1440) potential V (~r) in Eq.(27), we are able to study the binding
property of the N -N∗(1440) system by solving the Schro¨dinger Equation
(− ~
2
2µ
∇2 + V (~r)− E)Ψ(~r) = 0, (46)
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where Ψ(~r) is the total wave function of the system. The quantum numbers of the system
we are going to study are the total spin S = 1 and the orbital angular momenta L = 0 and
L = 2. Thus the wave function Ψ(~r) should have a form of
Ψ(~r) = ψS(~r) + ψD(~r), (47)
where ψS(~r) and ψD(~r) are the S-wave and D-wave functions, respectively. In the matrix
method, we use Laguerre polynomials as a set of orthogonal basis
χnl(r) =
√
(2λ)(2l + 3)n!
Γ(2l + 3 + n)
rle−λrL2l+2n (2λr), n = 1, 2, 3... (48)
with a normalization condition of∫ ∞
0
χim(r)χin(r)r
2dr = δijδmn, (49)
and expand the total wave function as
Ψ(~r) =
n−1∑
i=0
aiχi0(r)φS +
n−1∑
p=0
bpχp2(r)φD, (50)
where φS and φD are the angular part of the orbital wave function and spin wave function
for the S- and D-states, respectively, and ai and bi are corresponding expansion coefficients.
In the practical calculation, Eq.(46) is re-written, by detaching the terms related to the
kinetic-energy-operator (∇2) from V (~r), as
(− ~
2
2µ
∇2 − ~
2
2µ
[∇2α(r) + α(r)∇2] + V˜ (~r)− E)Ψ(~r) = 0 (51)
with
∇2 = 1
r
d2
dr2
r −
−→
L 2
r2
, (52)
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α(r) = (−2µ){[ gσNNgσN∗N∗
4π
m21 +m
2
2
4m21m
2
2
F4t2 + g
2
σNN∗
4π
1
2m1m2
F4u2 ]
+[ − gρNNgρN∗N∗
4π
3m21 + 3m
2
2 + 12m1m2
4m21m
2
2
F4t2
+
g2ρN∗N
4π
(−3m
2
1 + 3m
2
2 + 12m1m2
4m21m
2
2
− 3(m1 −m2)
2
4m21m
2
2
~σ1 · ~σ2)F4u2
−g
2
ρN∗N
4π
(m1 −m2)2
m2ρ
3
2m1m2
F4u2
− fρNN∗
2m1 + 2m2
gρNN∗
4π
3(m1 −m2)2(m1 +m2)
m21m
2
2
(1 + ~σ1 · ~σ2)F4u2
− f
2
ρN∗N
4π(2m1 + 2m2)2
(
3(m1 −m2)4
m21m
2
2
+
3(m1 +m2)
2(m1 −m2)2
m21m
2
2
~σ1 · ~σ2)F4u2 ]
−1
3
[ − gωNNgωN∗N∗
4π
3m21 + 3m
2
2 + 12m1m2
4m21m
2
2
F4t2
+
g2ωN∗N
4π
(−3m
2
1 + 3m
2
2 + 12m1m2
4m21m
2
2
− 3(m1 −m2)
2
4m21m
2
2
~σ1 · ~σ2)F4u2
−g
2
ωN∗N
4π
(m1 −m2)2
m2ω
3
2m1m2
F4u2
− fωNN∗
2m1 + 2m2
gωNN∗
4π
3(m1 −m2)2(m1 +m2)
m21m
2
2
(1 + ~σ1 · ~σ2)F4u2
− f
2
ωN∗N
4π(2m1 + 2m2)2
(
3(m1 −m2)4
m21m
2
2
+
3(m1 +m2)
2(m1 −m2)2
m21m
2
2
~σ1 · ~σ2)F4u2 ]},(53)
and the effective potential
V˜ (~r) = V (~r)− (terms related to ∇2). (54)
Then, with the wave function in Eq.(50), the Hamiltonian matrix can be expressed asHSS HSD
HDS HDD
 (55)
with
HSS = 〈φS|
∫ ∞
0
n−1∑
i,j
aiχi0(r){− ~
2
2µ
[1 + α(r)]∇2ajχj0(r)− ~
2
2µ
∇2[α(r)ajχj0(r)]
+VSS(r)ajχj0(r)}r2dr|φS〉, (56)
HSD = 〈φS|
∫ ∞
0
n−1∑
i,p
aiχi0(r)VSD(r)bpχp2(r)r
2dr|φD〉, (57)
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HDS = 〈φD|
∫ ∞
0
n−1∑
p,i
bpχp2(r)VDS(r)aiχi0(r)r
2dr|φS〉, (58)
and
HDD = 〈φD|
∫ ∞
0
n−1∑
p,q
bpχp2(r){− ~
2
2µ
[1 + α(r)]∇2bqχq2(r)− ~
2
2µ
∇2[α(r)bqχq2(r)]
+VDD(r)bqχq2(r)}r2dr|φD〉. (59)
In the above equations, VSS(r), VSD(r), VDS(r) and VDD(r) are taken to be V˜c(r), V˜T (r),
V˜T (r) and V˜c(r) + V˜T (r), respectively. Diagonalizing this matrix, the binding energy and
corresponding wave function of the NN∗(1440) state can be obtained.
The resultant binding energies for the S-states with the coupling constants shown in
Table I (with Set AΛ) are tabulated in Table III. From this table, it is seen that with such
TABLE III: Binding energies of the bound S-states of the NN∗(1440) system (in MeV) with Set
AΛ.
Coupling mode of ρ
Binding energy
case 1 case 2
V
E1 -373.7 -583.3
E2 -23.2 -68.0
T
E1 -316.5 -422.5
E2 -11.0 -29.0
V+T
E1 -324.6 -419.2
E2 -13.0 -29.5
a potential, no matter in which case and with which coupling mode, there might exist two
bound S-states. One of them is a deeply bound state whose energy is close to the energy of
the deuteron, and the other is a weakly bound state.
Contributions from various mesons to the binding energies of the obtained bound states
in various cases with Set AΛ are shown in Table IV. For simplicity, relatively smaller con-
tributions from the D-state are disregarded. From this table, it is shown that the major
attraction for binding comes from the σ-meson exchange, and the main repulsion for unbind-
ing comes from the ω-meson exchange and the kinetic energy. The averaged contributions
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TABLE IV: Contributions from various mesons and kinetic energy to the binding energies of the
obtained bound states in various cases (in MeV) with Set AΛ.
case
Binding energy
total kinetic energy pi σ ρ ω
case 1V
E1 -339.8 146.7 53.53 -821.4 -31.17 312.5
E2 -18.74 101.4 13.00 -198.9 4.975 60.83
case 2V
E1 -477.3 239.6 83.75 -892.2 -55.46 146.9
E2 -48.50 186.1 14.34 -273.1 -7.307 31.47
case 1T
E1 -284.5 132.1 36.38 -707.3 -6.001 260.3
E2 -9.076 56.46 6.346 -104.8 3.551 29.39
case 2T
E1 -363.2 210.3 56.74 -771.2 -19.06 121.8
E2 -22.74 112.4 8.051 -165.5 4.256 18.04
case 1VT
E1 -297.8 131.9 36.44 -715.7 -15.71 265.3
E2 -11.11 65.35 7.407 -123.6 3.877 35.89
case 2VT
E1 -379.9 182.7 45.34 -731.2 7.715 115.5
E2 -25.44 108.5 7.014 -165.0 5.619 18.40
from the π-meson exchange, which also shows the repulsive character, and from the ρ-meson
exchanges, whose character depends on the case, are much smaller than those from the σ-
and ω-exchanges.
As mentioned previously, before realistically studying the binding property of the
NN∗(1440) system, the cutoff values should be carefully re-adjusted due to the larger size
of N∗. In other word, the obtained result should be stable with respect to the model pa-
rameters, namely the deviations of the cutoff parameter values, thus the potential model
would have prediction power. Here, we plot the binding energy E2 as the function of Λα
(α = σ(upper left graph), ω(upper right graph), π(lower left graph) and ρ(lower left graph))
in Fig. 10. The curves for E1 are very similar, so we will not present them here. From this
figure, one sees again the above mentioned features: (1). The binding energy in the single
tensor coupling case is close to that in the vector+tensor coupling case, which implies that
21
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FIG. 10: Binding energy E2 as a function of Λα (α = σ(upper left graph), ω(upper right graph),
pi(lower left graph) and ρ(lower left graph)).
we can use a single tensor coupling mode instead of the vector+tensor coupling mode for
simplicity. (2). The binding energy in the single vector coupling case is larger than that
in the single T or V+T cases in the Case 2. (3). The binding energy in the Case 2 is
larger than that in the Case 1 due to more attractive feature of the potential in the Case
2 than in the Case 1. Besides, there exist different features for various meson exchanges.
For the σ-exchange (upper left diagram in Fig. 10), we have following observations: (1).
The binding energy increases with increasing Λσ because of an attractive feature of the σ-
exchange. (2). The result in the Case 1 is stable along with the variation of Λσ. But, in the
Case 2, the result increases rapidly with increasing Λσ. This is because that the averaged
contribution from the σ-exchange is much larger than those from the other exchanges, thus
the inconsistency between the coupling constants of a symmetric N∗-σ-N∗ interaction and
those of an asymmetric N -σ-N∗ interaction would be enlarged. It also implies that the
results in the Case 1 might be more meaningful. For the ω-exchange (upper right diagram
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in Fig. 10), it shows: (1). The binding energy decreases with increasing Λω because of a
repulsive feature of the ω-exchange. (2). The result is stable as long as Λω ≥ 1.8GeV . (3).
When Λω ≤ 1.2GeV , the result would be unstable, because too much repulsion is cut due
to a smaller Λω value. For the π-exchange (lower left diagram in Fig. 10), we see: (1). The
binding energy increases with increasing Λpi in the smaller Λpi region. (2). The result is
relative stable as long as Λpi ≃ 1.1 ∼ 1.3GeV . For the ρ-exchange (lower right graph of
Fig. 10), we get: (1). The binding energy firstly increases then decreases with increasing Λρ,
because the character of the average contribution from ρ-exchange depends on how much
repulsion being cut. (2). The result is stable when Λρ ≃ 1.2 ∼ 1.5GeV only. Form above
analysis, we find that in order to have a meaningful result, we should take the values of Λα
within the following ranges: Λpi ≃ 1.1 ∼ 1.3GeV , Λσ ≥ 1.1GeV , Λρ ≃ 1.2 ∼ 1.5GeV and
Λω ≥ 1.8GeV . Therefore, in the rest of the calculation, we take Λpi = 1.1GeV , Λσ = 1.2GeV ,
Λρ = 1.3GeV and Λω = 1.8GeV , respectively. With this set of cutoff parameters, called
Set BΛ, we re-calculate all the coupling constants and tabulate them in Table V. The corre-
sponding binding energies are tabulated in Table VI. From this table, we again see that the
TABLE V: gαNN∗(1440), fαNN∗(1440) and Λα in Set BΛ.
Coupling mode of ρ Coupling constant
α
pi σ ρ ω
V+T
g2αNN∗(1440)/4pi 2.9087 4.900 0.3685 1.1187
f2αNN∗(1440)/4pi — — 2.8288 —
V
g2αNN∗(1440)/4pi 2.9087 4.900 1.1374 1.1187
f2αNN∗(1440)/4pi — — — —
T
g2αNN∗(1440)/4pi 2.9087 4.900 — 1.11870
f2αNN∗(1440)/4pi — — 1.1374 —
V+T
g2αNN/4pi 14.900 7.7823 0.9500 20.000
f2αNN/4pi — — 35.350 —
Λα (GeV) 1.1000 1.2000 1.3000 1.8000
binding energies in the case with a single vector coupling mode are usually larger than those
in the case with a single tensor coupling mode or a vector+tensor coupling mode, and the
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TABLE VI: Binding energies of the NN∗(1440) system (in MeV) in Set BΛ.
Coupling mode of ρ
Binding energy
case 1 case 2
V
E1 -296.5 -596.6
E2 -10.2 -68.1
T
E1 -253.0 -440.1
E2 -4.7 -30.0
V+T
E1 -261.2 -436.4
E2 -5.7 -31.2
TABLE VII: Variational ranges of coupling constants in Set BΛ.
pi σ ρ ω
Branching ratio
Γpi/Γ Γσ/Γ ΓN∗→Nγ (Iγ=1) ΓN∗→Nγ (Iγ=0)
0.55 ∼ 0.75 0.11 ∼ 0.13 0.074 ∼ 0.13 0.0011 ∼ 0.014
g2αNN∗(1440)/4pi 2.461 ∼ 3.356 4.492 ∼ 5.308 — 0.2166 ∼ 2.722
f2
αNN∗(1440)/4pi — — 0.8543 ∼ 1.461 (T case) —
g2
αNN∗(1440)/4pi 2.461 ∼ 3.356 4.492 ∼ 5.308 0.02282 ∼ 0.9717(VT case) 0.2166 ∼ 2.722
f2
αNN∗(1440)/4pi — — 3.779 ∼ 2.084(VT case) —
Λα(GeV) 1.1 1.2 1.3 1.8
binding energies in the later two cases are comparable. For self-consistency, we would ignore
the single V coupling mode in the later calculation. Moreover, the results in the Case 2 are
generally larger than those in the Case 1. All these observations agree with the potentials
shown in the previous section.
We also present the variational ranges of coupling constants with Set BΛ due to the
uncertainties of the decay data for N∗(1440) in Table VII and corresponding ranges of
binding energies in Table VIII. From this table, one sees that because of many uncertain
factors, for instance the large uncertainties of the N∗(1440) decay data, the indeterminate
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TABLE VIII: Binding energies of the NN∗(1440) system (in MeV) in Set BΛ.
Coupling mode of ρ
Binding energy
case 1 case 2
T
E1 −222.3∼−285.0 −324.2∼−584.5
E2 −2.34∼−8.330 −12.16∼−62.61
V+T
E1 −230.2∼−293.7 −330.9∼−562.6
E2 −2.897∼−9.987 −13.38∼−67.43
coupling mode of the ρ-meson, the coupling constants of gN∗N∗M and fN∗N∗M and etc., the
resultant binding energies spread in the large regions, say about 222 ∼ 584MeV for the
ground state and about 2 ∼ 67MeV for the first excited state.
Before closing this section, we would mention that in the N -N scattering, nucleon might
be excited to N∗. So, the deuteron could be a mixture of the S−wave ground state with
other high partial wave states, say the D-wave state, and even NN∗ or N∗N∗ states, as long
as the quantum numbers are allowed. Because the deeply bound state of NN∗(1440) with a
binding energy of about a few hundred MeV is close to the energy level of the deuteron, it
might couple to the conventional deuteron to form a realistic deuteron. Namely, this state
would be a component of the real deuteron. Therefore, one may not be easy to observe
it in experiment. However, the second bound state just has a binding energy of about a
few tens of MeV, say 2MeV ∼ 67MeV in this calculation, it is possible to be observed in
experiment. In fact, this state is very close to the newly observed resonance-like structure
around 2360 MeV in the pn → dπ0π0 reaction cross section data. Therefore, we speculate
that the observed state may have a NN∗(1440) structure.
V. SUMMARY
The meson-exchange model is extended to study the NN∗(1440) interaction. In this
model, the π-, σ-, ρ- and ω-meson exchanges between N and N∗(1440) are assumed. By
calculating t- and u-channel Feynman diagrams, the N -N∗(1440) potential is derived. The
coupling constants g2αNN/4π and f
2
αNN/4π are taken from the Bonn potential model. The
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coupling constants g2αNN∗(1440)/4π and f
2
αNN∗(1440)/4π are phenomenologically determined
by fitting the partial decay width data of the N∗ → Nπ, N∗ → Nππ, N∗ → Nρ →
Nππ and N∗ → Nγ processes. As to the coupling constants g2αN∗(1440)N∗(1440)/4π and
f 2αN∗(1440)N∗(1440)/4π, two cases are assumed. It is found that similar to the N -N poten-
tial, the σ-meson exchange provides a major attraction, the ω-meson exchanges mainly sup-
plies a repulsive force, π- and ρ-meson exchanges give an effective medium- and long-range
attractions. Solving the Schro¨dinger equation by a matrix method, the binding energies
and corresponding wave functions are obtained. It is shown that there might exist two N -
N∗(1440) S-wave bound states. One of them is deeply bound with a binding energy ranged
from 222MeV to 584 MeV. This state could be a small component of the real deuteron.
Another state is weakly bound with a binding energy ranged from 2MeV to 67 MeV. This
state is very close to the newly observed resonance-like structure around 2360 MeV in the
pn → dπ0π0 reaction cross section. Therefore, we speculate that the observed state may
have a large component of the NN∗(1440) quasi-molecular structure.
VI. APPENDIX
F1t = F{(Λ
2 −m2
Λ2 + ~q2
)
1
~q2 +m2
}
= mY (mr)− ΛY (Λr)− (Λ2 −m2)e
−Λr
2Λ
(60)
F1u = F{(Λ
2 −m2
Λ˜2 + ~q2
)
1
~q2 +M2
}
= MY (Mr)− Λ˜Y (Λ˜r)− (Λ2 −m2)e
−Λ˜r
2Λ˜
(61)
F2t = F{(Λ
2 −m2
Λ2 + ~q2
)
~q2
~q2 +m2
}
= m2[ ΛY (Λr)−mY (mr) ] + (Λ2 −m2)Λe
−Λr
2
(62)
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F2u = F{(Λ
2 −m2
Λ˜2 + ~q2
)
~q2
~q2 +M2
}
= M2[ Λ˜Y (Λ˜r)−MY (Mr) ] + (Λ2 −m2)Λ˜e
−Λ˜r
2
(63)
F3t = F{(Λ
2 −m2
Λ2 + ~q2
)
( ~σ1 · ~q)( ~σ2 · ~q)
~p2 +m2
}
=
1
3
~σ1 · ~σ2[ m2ΛY (Λr)−m3Y (mr) + (Λ2 −m2)Λe
−Λr
2
]
+
1
3
S12[−m3Z(mr) + Λ3Z(Λr) + (Λ2 −m2)(1 + Λr)Λ
2
Y (Λr) ]
= ( ~σ1 · ~σ2)F3t1 + S12F3t2 (64)
F3u = F{(Λ
2 −m2
Λ˜2 + ~q2
)
( ~σ1 · ~q)( ~σ2 · ~q)
~q2 +M2
}
=
1
3
~σ1 · ~σ2[ M2Λ˜Y (Λ˜r)−M3Y (Mr) + (Λ2 −m2)Λ˜e
−Λ˜r
2
]
+
1
3
S12[−M3Z(Mr) + Λ˜3Z(Λ˜r) + (Λ2 −m2)(1 + Λ˜r)Λ˜
2
Y (Λ˜r) ]
= ( ~σ1 · ~σ2)F3u1 + S12F3u2 (65)
F4t = F{(Λ
2 −m2
Λ2 + ~q2
)
~k2
~q2 +m2
}
=
m3
4
Y (mr)− Λ
3
4
Y (Λr)− Λ
2 −m2
4
(
Λr
2
− 1)e
−Λr
r
−1
2
{∇2, mY (mr)− ΛY (Λr)− Λ
2 −m2
2
e−Λr
Λ
}
= F4t1 + {−1
2
∇2,F4t2} (66)
F4u = F{(Λ
2 −M2
Λ˜2 + ~q2
)
~k2
~q2 +M2
}
=
M3
4
Y (Mr)− Λ˜
3
4
Y (Λ˜r)− Λ
2 −m2
4
(
Λ˜r
2
− 1)e
−Λ˜r
r
−1
2
{∇2,MY (Mr)− Λ˜Y (Λ˜r)− Λ
2 −m2
2
e−Λ˜r
Λ˜
}
= F4u1 + {−1
2
∇2,F4u2} (67)
27
F5t = F{i(Λ
2 −m2
Λ2 + ~q2
)
~S · (~q × ~k)
~q2 +m2
}
= ~S · ~L[ −m3Z1(mr) + Λ3Z1(Λr) + (Λ2 −m2)e
−Λr
2r
]
= ~S · ~LF5t0 (68)
F5u = F{i(Λ
2 −m2
Λ˜2 + ~q2
)
~S · (~q × ~k)
~q2 +M2
}
= ~S · ~L[ −M3Z1(Mr) + Λ˜3Z1(Λ˜r) + (Λ2 −m2)e
−Λ˜r
2r
]
= ~S · ~LF5u0 (69)
F6u = F{(Λ
2 −m2
Λ˜2 + ~q2
)
( ~σ1 · ~q)( ~σ2 · ~q)
~p2 −M2 }
=
1
3
~σ1 · ~σ2[ −M2Λ˜Y (Λ˜r)−M3 cos(Mr)
Mr
+ (Λ2 −m2)Λ˜e
−Λ˜r
2
]
+
1
3
S12[M
3Z ′(Mr) + Λ˜3Z(Λ˜r) + (Λ2 −m2)(1 + Λ˜r)Λ˜
2
Y (Λ˜r) ]
= ( ~σ1 · ~σ2)F6u1 + S12F6u2 (70)
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